
I P 

Y 

Lee W. Pa ricer 
M t .  Auburn Rescnrch  A s s o c i a t e s ,  Xnc., Cambridge,  E a s s a c h u s c t t s  

and 

Computer methods have r e c e n t l y  been a p p l i e d  t o  a large.  c l a s s  

o f  s t e a d y - s t a t e  c o l  I i s i o n l e s s  plasma s h e a t h  problcnis ,  i n c l u d i n g ,  f o r  

exaciplc ,  moving s a t e l l i t e s  i n  tlie ionosphe re ,  ( - 5 )  s t a t ion  a r y  p 1 a s ma 

p r o b e s ,  ( G - 8 )  i o n  e n g i n e s ,  ('1 and plasma d i o d e s ,  (10) These problenis  

i n v o l v e  n u m e r i c s 1  s o l u t i o n s  of  t h e  P o i s s o n  e q u a t i o n .  One a s p e c t  of 

s u c h  s o l u t i o n s  w h i c h  c a n  c a u s e  d i f f i c u l t i e s  i s  t h a t  i n  many c a s e s  

one boundary  i s  a t  i n f i n i t y ,  where t h e  p o t e n t t a l  and  n e t  c h a r g e  d e n s i t y  

(1-8)  

v a n i s h .  Because of t h e  l i m i t a t i o n s  o f  d i g i t a l  compute r s ,  t h e  p o t e n t i a l  

and d e n s i t y  d e s c r i p t i o n s  a r e  r e s t r i c t e d  t o  a f i n i t e  porc io i i  of s p a c e ,  s o  

t h a t  the boundary  c o n d i  t i o i l  c o r r e s p m d i n g  t o  " i n f i n i t y "  must be s i m u l a t e d  

by a n e c e s s a r i l y  a r t i f i c i a l  f i n i t e  c o n d i t i o n .  Ano the r  a s p e c t  i s  t h a t  

t h e  d e n s i t y  i s  g e n e r a l l y  a n u n - l i n e a r  f u n c t i o n a l  of  the p o t e n t i a l  

d i s t r i b u t i o n ,  and t h a t ,  w i t h  SpeCif iec!  boundary  c o n d i t i o n s ,  n n  i t c r a E i o n  

p r o c e d u r e  m u s t  b e  used  i n  o r d e r  t o  0btai .n  a s e l f - c o n s i s t e n t  s o l u t i o n .  

The s t a b i l i t y  of t h e  i t e r a t i o n  p rocedure  depends ,  n o t  o n l y  on  t h e  
. .  

p j r t i c u l a r  a l g o r i t h m ,  b u t  a l s o  on t h s  a r t i f i c i a l  boundary  c o n d i t i o n  

aipioyeci,  a s  will be  show^ l a t e r .  Even i n  f i n i t e  problenis bounded by 



e l e c t r o d e s ,  (9-10) the s t a b i l i t y  of  the i t e r a t i o n  is  r e l a t e d  t o  t h e  

niagnit-ude of  the e l e c t r o d e  s e p a r a t i o n .  

T h i s  pape r  i s  conce rned  w i t h  tlic n u m e r i c a l  e f f e c t s  of employing  

I 
(9-11) 

c e r t a i n  a r t i f i c i a l  f i n i t e  boundary cond i ! ions  and  i t e r a t i v e  p r o c e d u r e s  

f o r  s e l f - c o n s i s t e n t  P o i s s o n  pro1)lems. S t u d i e s  have  been  made w i t h  

sp!ier i c a l  p robe  and p l a s m a  d i o d c  n inde ls ,  w i i h  t h e  g o a l  of d e v e l o p i n g  

economica l  p r o c e d u r e s  f o r  m u r e  g e n e r a l  prob1ci:is. R e s u l t s  o b t a i n e d  by 

t h e  use  of  sucti nlodcls a r e  n o 6  expec tcd  to  depend s t r o n g l y  on t h e i r  

oi ie-dinicr .nsional i ty .  A t h i r d  a s p r c t  of  the plasma s h e a t h  preblerri, which  

. i s  n u i n e r i c a l l y  n o n - t - r i v i a l  b u t  w i l l  n o t  be d i s c u s s e d ,  i s  t h a t  o f  f i n d i n g  

Llie d e n s i t y  when the p o t e n t i a l  d i s t r i b u t i o n  i s  g i v e n ,  i n  t h e  p r e s e n c e  of  

a b s o r b i n g  b o u n d a r j e s  and  n o n - i s o t r o p i c  v e l o c i t y  d i s t r i b u t i o n s .  

n a t i v e  a p p r o a c h e s  f o r  this c j l c u l s t i o n  ic  a g e n e r a l  probleni a r e  s u g g e s t e d  

* 
Aiter -  

i n  R e f s .  2 -6  and 12 .  

~ 

I \  
A common approach  t o  t h e  a r t i f i c i a l  i i n i t e  boundary  h a s  been  

' s imp ly  t o  set t h e  p o t e n t i a l  t o  zero on a boundary  s u r f a c e  a s  f a r  " o u t "  
- 

a s  p o s s i b l e  , w i t  h i  n computer  l i  n i i  t a t i o n s .  'IF l o a  t ing-po  t e n  t i a  1 I '  

boundary  c o n d i t i o n s  have  a l s o  bccn u s e d ,  ( 4 - 8 )  i n  which l i n e a r  r e l a t i o n -  

s h i p s  have  been  assumed be tween t h e  p o t e n t i a l  and i t s  g r a d i e n t .  The 

q u e s t i o n  of hou  we11 a f i n i t e  boundary  c o n d i t i o n  approx ima tes  t h e  "true" 

i n f  i i i i t e  boundary  c o n d i t i o n  h a s  been  t r e a t e d  r e c e n t l y .  ( 3 - 8 )  I n  t h e s e  

i n v e s t i g a t i o n s ,  s equences  o f  P o i s s o n  problems w i t h  i d e n t i c a l  boundary  

c o n d i t i o n s  were s o l v e d ,  where  t h e  boundary was s u c c e s s i v e l y  moved 

o u t w a r d  snti? ;io f u r t h e r  changes  occi i r re i l ,  e i t h e r  iii t h e  p o i e n t l a l  

d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of  t h e  s a t e l l i t e ,  ( 3 - 4 )  o r  i n  t h e  c o l l e c t e d  
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probe  c u r r e n t  . (5-8) The s o l u c i o n  o b t d i n e d  i n  t h i s  way nay  be  t a k e n  t o  

r e p r e s e n t  t h a t  f o r  t h e  " i n f i n i t e "  boundary c o n d i t i o n ,  and w i l l  be  s a i d  

t o  have  a " s t a t i o n a r y "  p r o p e r t y  v i t h  rc'slwct t o  the boundary p o s i t i o n .  
I 

Coinputa t iona l  c o s t s  a r e  p r o p o r t i o n a l  t o  t h e  s i z e  of  t he  re,' i o n  

e n c l o s e d  by t h e  boundary .  I f  t h e  boundary c a n  bc moved inward a s  a 

r e s u l t  o f  chang ing  t h e  boundary c o n d i t i o n ,  w i t h o u t  chang ing  tlie s t a t i o n a r y  

pi-opc.rty of t h c  s o l u t i o n ,  t h e  c a l c u l a t i o n  bccorncs rmre  economica l .  I n  

t h e  rcise  of  a s t d t i o n a r y  s p h e r i c a l  p robe ,  f o r  example ,  t h e  p o t e n t i a l  i s  

known t o  obey  an i n v e r s e - s q u n r c  a s y m p t o t i c  lw, and computer  p r o c e d u r e s  

employing  f l o a t i i i g  boundary  cond i  Lions  bascd on t h i s  law ( 7 - 8 )  have  been  

f o m d  t o  be  f a r  more economica l  LllJn procedures  i n  which the p o t e n t i a l  

i s  s e t  t c )  z e r o .  ~n the c a s e  o i  a moving o r  a c i r c u l a r  p l a n a r  

p r o b e ,  ( 5 - G )  u h e r c  a x i a l l y  sy i rmct r ic  p o t e n t i a l  d i s t r i b u t i o n s  o c c u r  and no 

t h e o r e t i c a l  a s y m p t o t i c  a n a l y s i s  i s  a v a i l a b l e ,  v a r i o u s  ad hoc_ f l o a t i n g -  

p o t e n t i a l  r e l a t i o n s h i p s ,  b a s e d  on i n t u i t i o n ,  have  s i m i l a r l y  been  found 

t o  b e  more economica l  t h a n  s e t t i n g  t h e  p o t e n t i a l  t o  zero.  T a y l o r ,  

i o r  example ,  h a s  employed an  e x p o n e n t i a l  law a s  w e l l  a s  c e r t a i n  o c h e r  

s p e c i a l  r e l a t i o n s h i p s ,  w h i l e  P a r k e r  and ldliipple ( 5 - 6 )  have  employed a 

d i p o l e  l aw .  I n  v i ew of t h e s e  r e s u l t s ,  i t  seeins w o r t h w h i l e  t o  l o o k  f o r  

g e n e r a l l y  e f f i c i e n t  a s s u m p t i o n s .  For  example, f o r  t h e  s p h e r i c a l  p robe  

we have  found t h a t  s e t t i n g  t h e  g r a d i e n t  of the p o t e n t i a l  t o  zero  a t  t h e  

boundary  (I3) i s  a s  economica l  a s  u s i n g  the a s y m p t o t i c a l l y  c o r r e c t  i n v c r s c  

s q u a r e  law.  C a l c u l a t i o n s  w i l l  b e  p r e s e n t e d  which w i l l  compare f l o a t i n g  

c o n d i t i o n s  ~ q i t h  t h e  z e r o - p o t e n t i a l  c o n d i t i o n .  

I 

l 

(4 1 
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T h e  i t e r a t i v e  phase  of t h e  p rocedure  f o r  c jb t a in ing  self  - c o n s i s t e n t  

n u n e r i - c a l  s o l u t i o n s  may b e  d i s c u s s e d  i n  tcrnis of the P c i s s o n  m a t r i x  equa -  

t i o n  i n  d i m e n s i o n l e s s  form,  namely: 

-+3 
L i?= - p(p)  

I n  ( I ) ,  L i s  the L a p l a c i a n  n i a r r i x  o p e r a t o r  r e s u l t i n g  froin t h e  d i f f e r e n c i n g  

of  t h e  L a p l a c i a n  o n  a g r i d  i n  c o n f i g u r a t i o n a l  s p a c e .  The components  of  

t h e  v e c t o r s  3’ and hi a r e  t h e  v a l u e s  of t h e  p o t e n t i a l  and t h e  n e t  c h a r g e  

d e n s i t y ,  r e s p e c t i v c l y ,  a t  t h e  g r i d  p o i n t s .  A g e n e r a l  i t e r a t i v e  p r o c e d u r e  

may b e  b a s e d  on t h e  n i x i n g  o r  c o u p l i n g  of d e n s i t y  i t e r a t e s ,  namely:  

L 
m==O 

where 3’ 
may i n s t e a d  c o u p l e  t h e  p o t e n t i a l  i t e r a t e s .  The c o e f f i c i e n t s  b . d e t e r m i n e  

the s t a b i l i t y  of the iteration.’ 

d e n o t e s  t h e  n - t h  i t e r a t e  f o r  9’. A l t e r n a t i v e l y ,  o f  c o u r s e ,  one n 

m 

??sing t h e  s p h e r i c a l  prohe n;odel, i.iC f i n d  t h a t  t h e  Iter~tlon 

c o n v e r g e s  when t h e  boundary r a d i i i s  R i s  less  t h a n  a c e r t a i n  c r i t i c a l  

v a l u e  R and d i v e r g e s  when R i s  g r e a t e r  t h a n  R . L e t  R d e n o t e  the 

boundary  r a d i u s  such  t h a t  t h e  p robe  c u r r e n t  i s  s t a t i o n a r y  when R > R . 
The i t e r a t i o n  v i ]  1 converge  t o  t h e  d e s i r e d  s o l u t i o n  (wi th  r e s p e c t  t o  

t h e  c u r r e n t )  w h e n  I: 

which  bm = Fmn (Kronecker  d e l t a ) ,  R 

f i x e d  by t h e  chosen  boundary c o n d i t i o n ,  bv t  R can  be made to .bccome  

C ’  C S 

S 

> Rs. With “ d i r e c t ”  (uncoupled)  i t e r a t i o n ,  iri 
C 

i s  u s u a l l y  l ess  t h a n  R . Now Rs i s  
C S 

C 
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I n  the i t e r a t i r i n  s c h e r x  w i t h  mixing p a r a m e t e r  0: < 1, d e f i n e d  by 

+ 
(tiliere ? 
i t e r a t i o n  ( 3 )  i s  found t o  i n c r e a s e  a s  a d e c r c a s e s .  F o r  any v a l u e  of  R 

one C J I ~  a p p a r e n t l y  f o r c e  c o n v e r g e n c e ,  i . e . ,  c a u s e  P, t o  cxceed R i f  one  

ciiuuscLs s u f f i c i e n t l y  s ina l l  va l t i ?  of CX. E q u a t i o n  ( 3 )  i m p l i e s  t h a t  b 

i n  (2 )  i s  g i v e n  by a ( l  - a) , so t h a t  f o r  s m a l l  a t h e  c o u p l i n g  i s  

a p p r o x i r n a t e l y  e q u a l l y  d i s t r i b u t e d  over a l a r g e  number o f  p a s t  i t e r a t e s .  

‘rhe U S C  O F  such an i t e r a t i o n  c o r r e s p o n d s  t o  r e p l a c i n g  t h e  problem by a n  

E 0 so  t h a t  9 i s  t h e  L a p l a c e  s o l u t i o n ) ,  t h e  s t a b i l i t y  o f  t h e  
0 0 

S ’  

C S’ 

m 
n-m 

e q u i v a l e n t  t ime-dependen t  p a r a b o l i c  h e a t - d i f f u s i o n  problem i n  d i f f e r e n c e  

fo rm,  i n  which t h e  time i n d e x  i s  ana logous  t o  the i t e r a t i o n  i n d e x ,  and 

t h e  s t e a d y - s t a t e  s o l u t i o n  i s  t h e  d e s i r e d  one.  (2) The u s e  of a s m a l l  

v a l u e  f o r  CI c o r r e s p o n d s  t o  t h e  i n t r o d u c t i o n  of  h i g h  damping i n  t h e  

h e a t - d i f f u s i o n  problem. The r e q u i r e d  nuniber of i t e r a t i o n s ,  and t h e r e F o r e  

compute r  t i m e ,  i s  r o u g h l y  i n v e r s e l y  p r o p o r t i o n a l  t o  (u. 

V a r i o u s  v e r s i o n s  of t h e  i t e r a t i o n  scheme (3)  have  been 

La f ran ibo i sc (8 )  has  found t h a t  s i g n i  f i c a i i t  g a i n s  ( 1 - 3 ,  5 -6 ,  8-11) u s e d .  

c a n  r e s u l t  from a d d i t i o n a l  s o p h i s t i c a t i o n ,  such  a s  t h e  iisc o f  an e m p i r i c a l  

d i a g o n a l  m a t r i x  f o r  a r a t h e r  t h a n  a s c a l a r ,  t h a t  i s ,  a d i f f e r e n t  m i x i n g  

p a r a m e t e r  f o r  e a c h  g r i d  p o i n t .  We a r e  p u r s u i n g  t h i s  p ron i i s ing  a p p r o a c h  

and hope t o  r e p o r t  new r e s u l t s .  

One-d imens iona l  plasma d i o d e  problems a l s o  a f f o r d  c o n v e n i e n t  

Numerical  i n s t a b i l i t y  mode l s  f o r  s t u d y i n g  i t e r a t i v e  s t a b i 1 i t y . ( l 0 - ’ ’ )  

seems t o  be  c o n n e c t e d  w i t h  t h e  e x i s t e n c e  o f  a n  e x t e n d e d  r e g i o n  of s p a c e  
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:Jhere tlie c h a r g e  d s n s i t y  i s  s m a l l ,  i n  t h e  v i c i n i t y  o f  t h e  p o i n t  Iv-kerc i t  

ch3iigcs s i g n .  A s  the e l e c t r o d e  s p a c i n g  i n c r e a s e s ,  t h e  e x t e n t  o f  the r eg ime  

of s m a l l  c h a r g e  d e n s i t y  g r o x s ,  and the p;Irameter CI must be  r educed  f o r  

c o n v e r g e n c e .  I f ,  i n  t h e  plasma d i o d e  problem, we r e s t r i c t  a t t e n t i o n  t o  

a r e g i o n  i n  t h e  v i c i n i t y  o f  t h e  p o i n t  where t h e  c h a r g e  d e n s i t y  changes  

s i g n ,  and i f  we assunic a l i n e a r  r e l a t i o n  between p and 9 i n  t h i s  r e g i o n ,  
4 --f 

t h e n  i t  c a n  h c  shown a n a l y t i c a l l y  t h a t  C( n i u s L  b e  s m a l l e r  t h a n  a nuniber 

p r u p o r t i o n a l  t u  X 2 / D 2 ,  where X i s  t h e  Debye l e n g t h ,  and I) i s  t h e  e x t e n t  

01 t h c  r e g i o n  o f  l i n e a r i t y .  I.€ L) i s  t a k e n  t o  be t h e  e l e c t r o d e  s e p a r a t i o n  

i n  an e r u p i r i c a l  f o r m u l a ,  t h e  d a t a  of P r i n c e  3nd J e f f r i e s  ( I o )  i n d i c a t e s  

a c o n s t a n t  o f  p r o p o r t i o n n l i f y  between 1 and  10 f o r  l a r g e  v a l u e s  of  D / X .  

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  i n  s a t e l l i t e  problems w i t h  h i g h  i o n  blacki 

numbers ,  ( 2 - 3 )  i t e r a t i v e  s t a b i l i t y  i s  found t o  i n c r e a s e  w i t h  i n c r e a s i n g  

Mach number.  One c a n  p r o b a b l y  d e f i n e  i n  th is  c a s e  an e f f e c t i v e  Debye 

l e n g t h ,  wh ich  i s  based  on t h e  i o n  e n e r g y  and i s  t h e r e f o r e  l a r g e .  

* I n  o u r  e x p e r i m e n t s  w i t h  t h e  s p h e r i c a l  p robe  model w e  h a v e  

found  t h a t , f o r  i n t e r e s t i n g  v a l u e s  of t h e  p h y s i c a l  p a r a m e t e r s ,  tile scheme 

o f  Eq. ( 3 )  r e q u i r e s  0 t o  be  of t h e  o r d e r  of 1 /100 .  T h i s  s i n a l 1  v a l u e  

i m p l i e s  t h a t  many i t e r a t i o n s  vi11 b e  r e q u i r e d ,  i . e . ,  of tlie o r d e r  o f  

h u n d r e d s .  (’”) 

_- 

D e t a i l s  o f  t h c s e  experiri ients will be  p r e s e n t e d .  

Based on t h e  p a r a b o l i c  n a t u r e  of  tlie i t e r a t i o n  p rob lem,  i t  

s h o u l d  b e  p o s s i b l e  t o  d e v i s e  more s o p h i s t i c a t e d  i t e r a t i o n  schemes which 

w i l l  r e d u c e  t h e  number of i t e r a t i o n s  r e q u i r e d  and t h e r e b y r c d u c e  computer  

t i m e  . 
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